On the Zeros of Polynomials

Author(s): Q. G. Mohammad

Source: The American Mathematical Monthly, Vol. 72, No. 6 (Tun. - Jul., 1965), pp. 631-633
Published by: Mathematical Association of America

Stable URL: http://www.jstor.org/stable/2313853

Accessed: 20/09/2008 15:46

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of ajourna or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=maa.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is anot-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org


http://www.jstor.org/stable/2313853?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=maa

1965] MATHEMATICAL NOTES 631

Proof. Define M= {x: x < F(x) and xS <ux;}. Since x¢& M, M is nonempty.
By Zorn’s lemma there exists a maximal chain L C M. It is clear that x,& L.
By Lemma 3 sup L exists; thus, define #=sup L. Since x =« for all x&L, we
have x < F(x) £ F(u) for all x&€ L. Therefore, u < F(u). Since #=<x, and L is a
maximal chain in M, we must have #& L. Since F is isotone and % <x;, we have
F(u) £ F(x1) %1, and since F(u) < F(F(u)), we have F(u) © M. Hence, by the
maximality of L and the fact that « < F(u), we must have F(u) =u. Q.E.D.

We should note that fixed point theorems for isotone mappings have been
obtained by Tarski; see [1, p. 54] or [3].
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ON THE ZEROS OF POLYNOMIALS
Q. G. MouAMMAD, Jammu and Kashmir University (India)
The main purpose of this paper is to apply Schwarz's lemma to the study of

the location of the zeros of a class of polynomials.
Throughout this paper P(z) =aoz*+a1z" 1+ - - + +a,-18+0a.. Let

M = max | @'+ -+ - + @, = max la,,z"—1+~-+all.
|zl =1 lz] =1

We prove
THEOREM 1. All the zeros of P(z) lie in |z| < M/|ao| if |as| =M.
Proof. Consider p(2) =ao+a1z+ - - - +a,2", then

® 1p@| = |a| — e+ am + - - - + a] .
The definition of M and Schwarz's lemma imply that
| @13 + asz® + - - - + au5| < M| 2| for | 2] = 1.
Hence, (1) implies that if |z| 1 then

2) lp(z)|§|ao|—M|z|.
Thus in |2] <1, |p(2)| >0 if || <|ao| /M (=1 since | as| <M by hyp.); hence
p(2) does not vanish for z[ <|ao /M. Consequently all the zeros of p(z) lie
in |z| = |a0| /M. As P(3) =2z"p(1/2), we conclude that all the zeros of P(2) lie
in |2| <M/|ao|. This proves the theorem.

REMARK 1. If laol = M, it follows easily from (2) that all the zeros of P(2) lie
in |z| =1.

|R|EMARK 2. The limit in Theorem 1 is attained by P(z) = —nz"+t2z* 14 - -+
+z41.
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REMARK 3. The bound obtained in Theorem 1 is in general better than the
traditional (|as| +|ae| + - -+ +]|aa|)/|a0|.

CoROLLARY 1. If 4, =0, k=1,2, - - - , n and [ao Saitast - - - +an, then
all the zeros of P(Z) lie in |3| < (@ +as+ « - - +a)/ ao!.
In particular all the zeros of R(z) = + Spz"+aiz»1+ - - - +a,_12+a, lie in

|| =1, where So=a1+a:+ - - - +a,.
A well-known theorem of Enestrom and Kakeya ([1], p. 106) states that if
@Za:1Za = - - - Zan_12a,>0, then all the zeros of P(2) liein |z| =1.

We show that it can be deduced easily from Corollary 1. Let

A—=2)P3E) =1 —2)(az"+ az™ 1+ -+ - + @15+ @)

= — @z + (@0 — a1)z" + (@1 — a2)z" 2+ -+« + (@1 — @)z + @y
= — gzt + Q0(z).

The hypothesis of the Enestrom-Kakeya theorem implies that Q(z) is a poly-
nomial with nonnegative coefficients and the sum of the coefficients is clearly a,.
Hence by Corollary 1 all the zeros of F(2) lie in |z| =1. As all the zeros of P(z)
are also the zeros of F(z) we have proved the Enestrom-Kakeya Theorem.

F(2)

THEOREM 2. Let r be the modulus of the zeros of largest modulus of P(z) and
M’ =maxll-, |@oz" ' 4+a1z" 2+ « + - +a,_1|. Then all the zeros of P(z) lie in the
ring-shaped region r|a.| /M < |z| <7 if |a.]| < M.

Proof. P(z)=a,+aew*+a2" '+ - - - +a,12 implies, by Schwarz’s lemma,
that if |z| <7 then

Mzl

\%

| PG)| = | an| —Iaoz"+a1z”‘1+--~—|-an_1z| > |a| -

Hence |P(z)[ >0 if [z[ <r|an|/M’ (=7 since [an[ < M’ by hypothesis). Hence
all the zeros of P(z) lie in the region r[ a.| /M < | z| =r.

CoROLLARY 2. If @20, k=1, 2, 3, - -+, n—1, a¢>0, and if |a.| <aepm
‘a4 - - - da,_17, then all the zeros of P(z) lie in
r| au

< |z =
agr™ + eyt A -

With the help of Corollary 2 we can restate the Enestrom-Kakeya Theorem
in the following form:

THEOREM 3. If ag=Za1Z -+ + Zan-120,>0, then all the zeros of P(z) lie in
the ring-shaped region a./(ao+a1+ - - - +@u) < [z[ =1.

The lower limit is attained by P(z) =z+1. The following theorem can be
easily deduced from the Enestrom-Kakeya Theorem ([1], p. 106).



1965} MATHEMATICAL NOTES 633

THEOREM a. All the zeros of P(z) having real positive coefficients lie in Izl =p,
where

ay Qg Gn—1 Qn
(3) p=max| —,y ——y ) .
@y a1 Qn—2 Qp-1

Clearly pr=an/ao or ayp™Za,. Hence,

M’ = max | az" + a4 - - - + dn—lzl = @op" + a1p" 4+ - - -+ @u_1p >

lz|=p
Hence, applying Corollary 2 to P(z), we can restate this theorem in the fol-
lowing form:
THEOREM 4. If p is given by (3) then all the zeros of P(z) having real positive
coefficients lie in the ring-shaped region
Pan
aop™ + a1p™ '+ -+ - -+ Guap

THEOREM 5. Ifao=Za1Z « + + Z@n-1=0n >0, then the number of zeros of P(2) in
| 2] <% does not exceed

IIA
0
IIA

p.

1+ log — -

log 2 an
Proof. Consider
Fi@) =0 —2)(az" + a1zt + - - - + @oaz + a,)
= — aez" + (a0 — @)z + (a1 — a2)z* 1+ - - - + (Gn1 — 00)2 + @
For |z| =1,
<ao+(ao—al)+~-+(an_1—a,.)+an__ 2a0

I F(z)
F(0)
If f(2) is regular, f(0) %0, and | f(2)| £ M in | 2| <1, then ([2], p. 171) the number

of zeros of f(z) in lz[ =1/2 does not exceed {log M/ | f(O)[ } /log 2. Therefore, if
n(1/2) denotes the number of zeros of F(z) in lz[ =1/2 then from above

an an

1 Qo
log — -
log 2 an

Zdo
n(3) = log—/logZ =14
n

As the number of zeros of P(2) in 2=21/2 is also equal to #(3) the theorem is
proved.
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